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FOREWORD 


A  theoretical  study  has  been  made  of  distortion  that  a  pulsed  ultrasonic 
signal  undergoes  In  a  dispersive  medium  in  which  the  wave  velocity  varies  with 
frequency  in  such  a  manner  that  the  group  velocity  is  constant,  and  the  effect 
that  this  has  on  measurement  of  velocity  in  the  medium,  runding  for  this  work 
was  provided  by  the  Independent  Research  Program  of  the  Naval  Surface  Weapons 
Center. 

The  author  wishes  to  express  his  appreciation  to  Charles  H.  Dyer  and  Robert 
D.  Corsaro  for  helpful  discussions  and  contnents. 
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INTRODUCTION 


Pulsed  ultrasonic  measurements  have  been  employed  extensively  in  recent  years 
in  measuring  elastic  moduli  of  materials  under  varying  conditions.  In  order  to  do 
this,  the  phase  velocity  must  be  determined,  and  because  of  a  distortion  that 
pulsed  signals  undergo  in  transmission  through  dispersive  and  attenuative  materials, 
there  is  often  some  question  as  to  just  what  velocity  a  given  measurement  deter¬ 
mines.  A  number  of  procedures  have  been  developed  to  assure  that  the  proper  phase 
velocities  are  being  measured,  and  have  been  reviewed  by  Papadakis1  and  by  Sachse 
and  Pao.2 

In  this  paper  the  distortion  is  examined  that  ultrasonic  pulses  undergo  in 
transmission  through  lossless  dispersive  media  in  which  the  phase  velocity  varies 
with  frequency  in  such  a  manner  that  the  group  velocity  is  constant.  Brillouin3 
has  shown  that  under  certain  limited  conditions  the  envelope  of  a  pulsed  signal 
will  be  transmit  ed  through  such  media  With  no  distortion,  and  it  will  be  shown 
below  that  also  *t  certain  distances  the  pulsed  signals  themselves  are  reproduced 
without  distortion,  and  thus  do  not,  as  is  usually  the  case  in  dispersive  media, 
spread  out  in  time. 

THEORY 

NORMALIZED  FOURIER  SERIES.  In  order  to  study  the  transmission  of  a  pulsed 
ultrasonic  wave,  the  pulsed  pressure  signal  is  expressed  In  terms  of  a  Fourier 
series,  the  transmission  of  the  various  terms  considered  separately,  and  the  terms 
then  recombined  at  positions  and  times  of  interest.  The  Fourier  series  for  the 
propagating  pulse  Is 

00  00 

F(x,t)  *  +  21  A  cos  nui(t  -  «-)  +  2w  Bsln  nu>i(t  -  ~)  (1) 

c  n=l  n  vn  n-1  n  vn 

‘Rapadakls,  E.  t5.,  "Ultrasonic  Velocity  and  Attenuation:  Measurement  Methods  with 
Scientific  and  Industrial  Applications,"  In  Physical  Acoustics,  edited  by  W.  P. 
Mason  and  R.  N.  Thurston  (Academic  Press,  New  York,  1976),  Vol.  XII,  Chap.  5,  pp 
277-374. 

2Sachse,  W.  and  Pao,  Y-H,  "On  the  Determination  of  Phase  and  Group  Velocities  of 
Dispersive  Waves  in  Solids,"  J.  Appl.  Phys.,  4J.»  1978,  pp  4320-4327. 

3Br111ou1n,  L.,  Wave  Propagation  and  Group  Velocity,  (Academic  Press,  New  York, 
1960),  pp  7-10. 
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where  A  and  B  are  the  amplitudes  of  the  cosine  and  sine  terms,  too  Is  the  funda 
mental  Sngularnfrequency  of  the  series,  x  is  the  distance  in  the  direction  of 
propagation,  t  is  the  time,  and  vn  Is  the  phase  velocity  of  the  nth  harmonic. 

Three  types  of  pulsed  ultrasonic  signals,  as  shown  In  Figure  1,  will  be 
considered.  The  first  consists  of  a  pulsed  sine  wave  of  constant  amplitude,  the 
second  is  a  pulsed  sine  wave  with  the  amplitude  varying  as  the  sine  squared,  and 
the  third  is  a  rectangular  pulse. 


It  is  convenient  to  normalize  the  distance,  time,  and  velocity  in  the  Fourier 
series  to  that  of  the  pulsed  sine  wave,  the  carrier  wave.  The  normalized  values 
are 


X  =  x/Xo  ,  (2) 

T  3  t/t0  ,  (3) 


V 


n 


vn/Vo 


(4) 


where  X0,  t0  and  v0  are,  respectively,  the  wavelength,  period,  and  phase  velocity 
of  a  continuous  sine  wave  of  the  same  frequency  as  the  carrier  wave.  The  pulse 

duration  T  is  given  by 
P 


T 


P 


=  <3t0  , 


(5) 


where  J  is  the  number  of  waves  per  pulse,  and  the  repetition  period  T0  is  M  times 
the  pulse  duration,  so  that 

Ti  3  MTp  3  MJt0  (6) 

where  M  and  J  are  limited  to  integer  values  for  this  study.  The  angular  fre¬ 
quency  u>o  of  the  carrier  wave  is  the  same  as  that  of  the  MJth  harmonic  of  the 
series,  thus. 


wo  *  MJoii  .  (7) 

The  Fourier  series  for  the  propagating  pulses  becomes 
00  00 

F  (X,T)  3  ^  +  2  Ancos  ^g(T  -  y  )  +  S  Bnsin  "  $  )  • 

n=l  n  n=l  n 

In  general,  this  is  an  expression  for  the  Fourier  series  normalized  to  the  quan¬ 
tities  of  the  MJth  harmonic  of  the  series,  which  in  this  case  corresponds  to  the 
carrier  wave.  The  same  normalization  will  be  used  for  the  pulsed  sine- wave  with 
the  sine-squared  amplitude,  and  for  the  rectangular  pulse. 

NORMALIZED  PHASE  VELOCITY  IN  CONSTANT-GROUP-VELOCITV  MEDIA.  The  group  ve¬ 
locity  Vg  is  given  by  the  expression 
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where  k  is  the  propagation  constant, 
k  *  2ir/X  =  uj/v  . 

For  a  constant  group  velocity,  from  Eq.  (9) 

kVg  =  to  +  b  , 

where  b  is  a  constant  of  Integration. 

Using  Eqs.  (10)  and  (11),  the  phase  velocity  v  may  be  written 


(9) 

(10) 

(ID 


U)V 


v  * 


3L 


a)  +  b 

and  the  velocity  for  the  nth  harmonic  of  the  Fourier  series  is 


nuiv. 


nv 


v_  = 


(12) 


(13) 


n  ncoi  +  b  n  +  H  ’ 
with  H  =  b/cui,  and  on  is  the  fundamental  angular  frequency  of  the  Fourier  series. 


v0,  with 


The  velocity  V  ,  Eq.  (4),  normalized  to  the  velocity  of  the  carrier  wave 


MJv 

v°  =  VMJ  *  M3+H 


(14) 


becomes 


Let  the  group  velocity  be  Z  times  the  velocity  v0  of  the  carrier  wave,  then  from 
Eq.  (14) 


ZMJv 

vg  =  Zv°  s  M3+  H 

from  which 

H  =  MJ(Z-l) 


(16) 


(17) 
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and  Eq.  (15)  may  be  written 


| 


nZ 


n  n  +  H 


(18) 


The  Fourier  series  for  the  pulses  propagating  in  a  constant  velocity  medium 
becomes 


E 

A„cos 

n 

n=l 

00 

E 

n=l 

MJ' 


nZ 


(19) 


If  the  signal  Is  to  be  propagated  with  no  distortion,  then  at  some  norma¬ 
lized  distance  X„  and  time  T„  from  X  and  T,  the  signal  would  repeat,  or 
r  r 


F  (X  +  Xr,  T  +  Tr)  =  F  (X,T) 


(20) 


and  for  this  relationship  to  hold  requires  that 


27m(T  _  fc+HjXj  .  2un(T  +  ^  .  injgl(X  +  yj  +  2irI(n)  ,  (21) 

where  I(n)  must  have  integral  values.  This  simplifies  to 

MJZI(n)  +  (TrA  -  Xr)n  -  HXr  «  0  .  (22) 

There  are  several  cases  that  may  be  considered  here: 

1.  I (n)  =  0 

In  this  case,  for  Eq.  (22)  to  hold  for  all  n,  if  there  is  to  be  no  distortion 
for  a  finite  X  ,  then  H  must  be  zero,  which  with  Eq.  (17)  requires  that  Z  be  unity, 
and  thus  from  Eqs.  (16)  and  (18)  we  see  that  the  phase  velocities  are  the  same  for 
all  terms  of  the  series,  and  are  equal  to  the  group  velocity. 

There  are  no  limitations  on  X-  and  Tr  except  that  Tr  *  Xr.  Thus  the  signal 
propagates  with  no  distortion  at  all  distances. 

2.  I ( n )  =  n 

In  this  case  for  Eq.  (22)  to  hold  for  all  n  these  relations  must  be  satis¬ 
fied: 

Xr  =  MJZ/H  =  Z/(Z-1)  ,  (23) 
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Tr  =  Xr/Z  .  (24) 

If  the  value  of  I (n)  were  taken  as  An,  where  A  is  an  integer,  then  X  and  T 
would  be  increased  by  the  factor  A.  r  r 

3.  I  ( n)  =  n2 

Eq.  (19)  then  becomes 

MJZn2  +  (TrZ  -  Xr)  n  -  HXf  *  0  ,  (25) 

and  there  are  no  meaningful  values  of  X  and  T  to  satisfy  this  equation  for  all 
values  of  n.  The  same  is  true  if  higher  power?  of  n  are  considered. 

From  the  above  it  is  seen  that  for  a  non-dispersive  medium,  in  which  the 
group  velocity  is  equal  to  the  constant  phase  velocity,  the  signal  is  repeated 
for  all  values  of  X  ,  and  at  a  time  T  ,  which  is  the  time  that  is  required  for 
the  signal  to  travel  the  distance  X  at  the  common  group  and  phase  velocity. 

For  the  dispersive  media  with  constant  group  velocity  but  not  constant  phase 
velocity,  it  was  found  that  the  signal  repeats  itself  at  a  normalized  distance 
X-  given  by  Eq.  (23),  and  at  a  normalized  time  T  later.  From  Eqs.  (2),  (3), 
(4),  and  (24)  it  can  be  seen  that  the  signal  moves  the  distance  X  at  the  group 
velocity;  r 

Tr  =  VZ  * 


to  Xo  V_ 


and  since  for  the  carrier  wave 
*0  *  Voto  , 


V  =  vgtr  .  (26) 

If,  In  Eq.  (21)  I(n)  equals  an  Integer  plus  one-half,  rather  than  an  in¬ 
teger  as  considered  above,  It  can  be  shown  that 

F(X,T)  -  Ao/2  =  -  (F(X  +  Xr/2,  T  +  Tr/2)  -  A0/2)  (27) 

for  the  case  of  a  dispersive  constant-group-velocity  medium.  From  this  it  is 

seen  that  if  A0  =  0,  which  holds  for  the  pulsed  sine  waves,  then  the  negative  of 

F(X,T)  will  occur  at  X  +  X.,/2  and  T  +  T  72. 

r  r 
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Although  a  medium  with  a  velocity  that  varies  with  frequency  is  called  a 
dispersive  medium,  it  is  seen  from  the  above  that  in  such  a  medium  with  a  con¬ 
stant  velocity  the  signals  repeat  at  certain  distances  and  therefore  do  not 
spread  out  as  is  the  usual  case.  Also,  it  is  seen  from  Eqs.  (20)  and  (27)  that 
knowledge  of  the  signal  over  a  range  of  half  a  repetitive  distance  and  one 
period  provides  information  for  all  distances  and  times. 

MODULATION  ENVELOPE.  At  x  =  0  the  equation  for  the  constant-amplitude  and 
the  sine-squared-amplitude  pulsed  sine  wave  may  be  written  in  the  form 

Cx(0,t)  =  C(0,t)  sin  oj0t  (28) 

where  C(0,t)  is  the  modulation  envelope  at  the  origin,  and  w0  is  the  angular 
frequency  of  the  carrier  wave.  For  the  constant-amplitude  pulse  of  Figure  1, 
C(0,t)  would  be  a  rectangular  pulse  of  the  amplitude  and  duration  of  the  pulse. 
Brillouin3  has  shown  that  if  the  maximum  frequency  component  u»  of  the  modula¬ 
tion  envelope,  C(0,t),  is  less  than  aj0.  then  the  propagated  puTse  at  a  distance 
x  is  given  by 


Ci(x,t)  =  C(t  -  -Msin  o)0 (t  -  £-)  •  (29) 

Vg  V» 

from  which  it  is  seen  that  the  envelope  propagates  undistorted  at  the  group  ve¬ 
locity  vg  and  the  carrier  wave  propagates  at  its  own  phase  velocity  v0. 

EXAMPLES 


As  indicated  above,  the  propagation  of  the  three  types  of  pulses  in  Figure 
1  through  dispersive  constant-group-velocity  media  are  considered.  In  these  ex¬ 
amples  the  pulse  repetition  period  is  four  times  the  pulse  duration,  and  for  the 
pulsed  sine  waves  there  are  five  complete  waves  in  each  pulse,  i.e.,  M  =  4  an-J 
J  =  5.  The  pulsed  sine  wave  is  therefore  of  the  same  frequency  as  the  twentieth 
harmonic  of  the  Fourier  series,  and  the  times,  distances,  and  velocities,  are 
normalized  to  t0,  Xo  and  v0  for  this  twentieth  harmonic.  The  group  velocity  in 
the  medium  is  taken  as  1.2vo,  thus  Z  =  1.2.  The  phase  velocity  as  a  function  of 
frequency  is  given  for  this  case  in  Figure  2,  where  the  frequency  is  normalized 
relative  to  the  fundamental  frequency  of  the  series,  and  the  velocity  is  norma¬ 
lized  to  that  of  the  pulsed,  or  carrier,  wave,  i.e.,  to  the  twentieth  harmonic 
of  the  series. 

PULSED  SINE  WAVE  —  CONSTANT  AMPLITUDE.  The  equation  for  the  pulsed  sine 
wave  is 


F  ( x , t)  =  A  sin  MJwit  0  <  t  <  Tp  (30) 

=0  Tp  <  t  <  Ti 

and  the  cycle  repeats  with  the  period  Tj.  The  equations  for  the  Fourier  coeffi¬ 
cients  An  and  Bn  are  given  in  Appendix  A. 
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FIGURE  2.  PHASE  VELOCITY  AS  A  FUNCTION  OF  FREQUENCY  FOR  A 
CONSTANT-GROUP- VELOCITY  MEDIUM 


The  frequency  spectrum  for  the  pulsed  sine  wave  with  0  a  5  and  M  »  4  Is 
given  In  Figure  3.  The  peak  amplitude  Is  at  the  carrier-wave  frequency,  the 
twentieth  harmonic,  and  decreases  rather  slowly  >*■  both  Increasing  and  de¬ 
creasing  frequencies. 

The  propagated  pulse  is  shown  in  Figure  4  as  a  function  of  time,  measured 
in  periods  of  the  pulsed  sine  wave,  for  the  propagation  of  distances  of  integer 
values  of  the  distance  X  from  0  to  7.  The  value  of  X  gives  the  number  of  wave¬ 
lengths  X0  that  the  pulse  has  traveled. 

At  X  »  0  the  waves  are  identified  as  A,  B,  C,  D,  and  E.  As  X  increases  by 
unity,  the  time  at  which  a  particular  wave  arrives  increases  by  almost  exactly 
one  period,  to.  This  can  be  seen,  for  example,  by  noting  that  the  peak  of  wave 
A  is  at  X  =  0  at  about  T  =  0.25  (as  indicated  by  the  short,  vertical  line  per¬ 
pendicular  to  the  time  axis);  at  X  =  1  it  is  at  about  1.25,  and  so  forth  for 
higher  values  of  X.  From  this  it  is  seen  that  the  peak  of  the  wave  is  moving 
with  the  phase  velocity  of  the  wave,  the  twentieth  harmonic,  and  in  fact  it  is 
seen  that  all  of  the  waves  in  the  interior  of  the  pulse  move  with  the  velocity 
of  a  continuous  wave  of  the  carrier  frequency. 

The  group  velocity  is  1.2  times  the  phase  velocity  v0  of  the  pulsed  wave, 
and  so  a  point  moving  at  the  group  velocity  which  was  at  T  =  0  at  X  =  0,  would 
arrive  at  X  =  1  at  T  -  0.83  periods,  at  X  =  2  at  1.67  periods,  etc.  This  is  in¬ 
dicated  in  Figure  4  by  circular  dots  at  T  =  0,  at  0.83,  etc.  A  point  which  was 
initially  at  T  =  5  periods  at  X  =  0  and  moving  at  the  group  velocity  would  at 
the  various  values  of  X  be  5  periods  after  the  above  mentioned  point  that  started 
at  X  =  0  at  T  -  0.  These  points  are  also  indicated  by  dots,  which  are  located 
at  T  =  5,  5.63,  etc.  From  Figure  4  it  can  be  seen  that  the  pulsed  sine  wave  re¬ 
mains  essentially  between  these  two  dots,  which  means  that  the  pulse  spreads  very 
little,  and  as  a  whole  moves  with  the  group  velocity. 

It  is  also  seen  from  Figure  4  that  the  pulsed  sine  wave  undergoes  little 
distortion  in  propagating  through  the  constant-group-velocity  medium.  That  dis¬ 
tortion  which  does  occur  is  primarily  at  beginning  and  the  end  of  the  pulse. 

Note  also,  that  since  the  waves  move  with  the  phase  velocity  v0  and  the  pulse 
as  a  whole  moves  at  the  higher  group  velocity,  namely  1.2v0,  a  new  cycle  of  the 
wave  joins  the  group  each  time  X  increases  by  six;  this  cycle  in  Figure  4  is 
designated  F.  The  addition  of  the  complete  cycle  F  and  the  loss  of  cycle  E  leads 
to  the  duplication  at  the  position  X  *  6,  and  beginning  at  the  time  T  *  5,  of  the 
pulse  which  at  X  =  0  began  at  T  =  0.  These  values  agree  with  Eqs.  (23)  and  (24) 
for  distances  and  times  at  which  the  signal  is  duplicated.  The  negative  of  the 
signal  at  X  =  0  is  seen  to  occur  at  X  =  3,  as  is  indicated  by  Eq.  (27).  Similar 
duplications  hold  for  any  X  value,  for  example  the  signal  at  X  *  1  is  duplicated 
at  X  *  7,  and  its  negative  occurs  at  X  =  4.  For  the  particular  example  con¬ 
sidered  here,  the  negative  of  the  signal  is  reproduced  every  time  X  increases  by 
three,  and  thus  knowledge  of  the  signal  over  a  range  of  three  in  X  provides  in¬ 
formation  for  all  distances. 

The  modulation  envelope  of  the  pulse  at  X  =  0,  C(0,T)  from  Eq.  (21),  is  a 
rectangular  pulse  with  a  frequency  spectrum  decreasing  relatively  slowly  so  that 
Brillouin's  requirement  that  w  <  ooo  is  not  met,  and  thus  distortion  of  the  en¬ 
velope  as  the  signal  propagates  is  to  be  expected.  At  distances,  however,  at 
which  the  signal  is  equal  to  the  signal  at  X  =  0,  or  to  its  negative,  the 
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FIGURE  3.  FREQUENCY  SPECTRUM  FOR  PULSED  SINE  WAVE  WITH  CONSTANT 
AMPLITUDE,  WITH  FIVE  WAVES  PER  PULSE,  AND  WITH  A  PULSE 
REPETITION  PERIOD  FOUR  TIMES  THE  PULSE  DURATION 
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TIME  IN  PERIODS 


FIGURE  4.  CONST  ANT-AMPLITUDE  PULSE  PROPAGATED  THROUGH  A  CONST  ANT- 
GROUP- VELOCITY  MEDIUM  AS  A  FUNCTION  OF  TIME  FOR  SEVERAL 
DISTANCES  X 
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modulation  envelope  will  be  undistorted.  For  the  pulses  considered  here  this 
will  occur  for  X  equal  to  multiples  of  three.  This  Is  shown  In  Figure  5,  In 
which  the  pulses  and  modulation  envelopes  are  shown  for  X  *  0,  1,  and  3.  The 
envelopes  were  determined  by  dividing  the  propagated  pulse  by  sin  <u0(t  -  ), 

Eq.  (29).  Vo 

The  modulation  envelope  used  for  the  constant-amplitude  pulsed  sine  wave 
was  a  rectangular  pulse  for  which  theoretically  w  would  be  Infinite.  As  a  check 
of  Brillouin's  theory,  the  rectangular-pulse  modulation  envelope  was  approxi¬ 
mated  In  one  case  by  the  terms  for  the  first  20  harmonics  of  the  Fourier  series 
for  the  rectangular  pulse  and  in  the  second  case  by  the  terms  for  the  first  21 
harmonics.  In  both  cases  J  *  5  and  M  -  4,  so  the  Brlllouln  criterion  for  no 
envelope  distortion  was  met  for  the  first  case  and  not  for  the  second.  Calcu¬ 
lations  similar  to  those  in  Figure  5  showed,  in  agreement  with  the  theory,  no 
distortion  for  the  twenty-term  approximation  and  distortion  similar  to  that  in 
Figure  5  for  X  =  1  for  the  twenty-one-term  approximation. 

The  experimental  determination  of  ultrasonic  velocities  by  comparing  the 
transit  times  of  pulses  over  known  distances  can  often  be  confusing  because  of 
pulse  distortion.  This  is  true  for  the  cases  considered  here  as  can  be  seen  from 
Figures  4  and  5,  even  though  zero  attenuation  has  been  assumed  to  simplify  the 
situation.  Let  two  receiving  transducers  be  separated  by  a  distance  Ax,  and  the 
measured  transit  time  be  At,  then  the  measured  velocity  is 


v 


r  Ax/Ao 

'At7E7 


)Vo 


#»• 


(31) 


Suppose  that  in  an  experiment  the  receiving  transducers  are  at  X  *  0  and  6,  Figure 
4,  and  the  transit  time  is  taken  as  the  time  between  the  first  peak  at  each  dis¬ 
tance.  With  AX  *  6  and  AT  »  5,  the  measured  velocity  would  be  1.2v0,  or  the 
group  velocity.  If  the  transit  time  were  taken  as  the  time  between  the  first  peak 
at  X  =  0  and  the  second  peak  at  X  *  6  (the  A  peaks  in  both  cases),  then  the  mea¬ 
sured  velocity  would  be  the  phase  velocity  v0.  Since  the  phase  velocity  is  often 

the  velocity  of  interest,  being  able  to  identify  the  A  peak  in  the  second  pulse 
is  of  great  importance,  and  procedures  for  doing  this  have  been  described  by 
McSkimin4  and  Papadakas.1  It  is  of  interest  to  note  that  if  the  second  transducer 
is  at  an  X  greater  than  30,  the  A  peak  is  no  longer  in  the  propagating  pulse.  If 

the  transit  time  were  taken  to  be  the  time  between  the  first  peaks  on  the  X  =  0 

and  X  s  5  pulses,  the  experimental  velocity  would  be  about  1.27v0,  neither  the 
phase  velocity  nor  the  group  velocity. 

The  envelope  Is  sometimes  used  in  velocity  measurements.  If  the  transit 
times  for  the  middles  of  the  envelopes  at  X  =  0  and  3  in  Figure  5  were  used,  the 
group  velocity  would  be  obtained.  If  a  full-wave  recti 1 .er  were  used  to  determine 
the  envelope  for  these  positions,  the  same  result  would  be  obtained.  However,  If 
a  half  wave  rectifier  were  used,  the  phase  velocity  would  be  obtained,  since  at 
both  positions  the  C  peak  (Figure  5)  would  be  at  the  center  of  the  rectified 
signal.  This  would  not,  however,  be  the  case  for  greater  distances,  as  the 


“McSkimin,  H.  J.,  "Pulse  Superposition  Method  for  Measuring  Ultrasonic  Wave 
Velocities  in  Solids,"  J.  Acoust.  Soc.  Am.,  33,  1961,  pp  12-16. 
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distance  is  increased  the  determined  velocity  would  approach  the  group  velocity. 

PULSED  SINE  WAVE  —  SINE-SQUARED  AMPLITUDE.  The  equatio"  for  the  pulsed 
sine  wave  with  the  sine-squared  amplitude  at  X  =  0  is,  for  0  <  t  <  TQ, 

F  (O.t)  *  A  sin2(Mirt/Ti)  s1n(2irMJt/Tj)  .  (32) 

The  frequency  spectrum  is  given  in  Figure  6  for  M  =  4  and  J  «  5.  The  peak 
amplitude  is  at  the  carrier  frequency,  the  twentieth  harmonic  of  the  Fourier 
series,  and  although  there  are  theoretically  an  Infinite  number  of  frequencies 
in  the  spectrum,  the  amplitudes  drop  off  very  fast  and  become  negligible  as  zero 
frequency  and  the  40th  harmonic  are  approached.  Because  of  this  rapid  drop  in 
amplitude,  this  spectrum  essentially  satisfies  Brillouin's  requirement  that  the 
maximum  angular  frequency  In  the  spectrum  of  the  modulation  envelope  be  less 
than  the  carrier  frequency  ui0,  and  thus  little  distortion  of  the  envelope  is  to 
be  expected  as  the  pulse  is  propagated. 

The  propagated  pulse  is  shown  in  Figure  7  for  the  same  values  of  X  as  is 
shown  for  the  constant-amplitude  pulse  in  Figure  4.  The  times  and  distances  are 
normalized  to  the  period  and  wavelength  of  the  pulsed  wave,  and  the  group  velocity 
is  1.2  times  its  phase  velocity.  The  waves  at  X  *  0  are  identified  as  A,  B,  C, 

D,  and  E  as  in  Figure  4,  and  are  followed  as  the  pulse  progresses  to  larger  X 
values.  The  envelopes  for  all  values  of  X  are  also  shown  in  the  figure,  and  are 
seen  to  be  essentially  undistorted,  which  is  to  be  expected  as  Indicated  above. 

A  square  dot  is  placed  on  the  X  axis  underneath  the  peak  of  the  envelope  for  all 
the  curves.  From  the  positions  of  the  dot  as  X  increases  it  is  seen  that  the  peak 
of  the  envelope  moves  with  the  group  velocity  1.2v0.  Circular  dots  are  also  placed 
at  T  *  0  and  5  at  X  a  0,  and  move  with  the  group  velocity  as  in  Figure  4. 

As  was  the  case  in  Figure  4,  this  pulse  also  changes  shape  as  It  progresses 
through  the  medium,  but  because  of  the  small  amplitudes  the  distortions  at  the  be¬ 
ginning  and  end  are  much  less  evident  than  in  Figure  4.  The  changes  observed  are 
primarily  due  to  waves  moving  at  the  phase  velocity  v0  and  the  envelope  moving  at 
1.2v0,  the  group  velocity.  As  was  the  case  before,  it  is  seen  that  the  pulse  at 
X  =  0  is  duplicated  five  periods  later  at  X  *  6,  and  its  negative  is  duplicated  2.5 
periods  later  at  X  *  3. 

The  experimental  determination  of  velocities  by  comparing  the  pulse  transit 
times  poses  problems  similar  to  those  discussed  earlier  relative  to  the  constant- 
amplitude  pulsed  sine  wave  and  Figure  4. 

RECTANGULAR  PULSE.  The  equation  for  the  rectangular  pulse  is 
F(x,t)  =  A  0  <  t  <  Tp  , 

*  0  Tp  <  t  <  Tj  , 

and  the  cycle  repeats  with  the  period  Ti.  The  coefficients  for  the  Fourier  series 
are  given  in  the  Appendix. 

The  frequency  spectrum  is  shown  in  Figure  8,  and  it  is  seen  that  the  maximum 
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NORMALIZED  FREQUENCY 

FIGURE  8.  THE  FREQUENCY  SPECTRUM  FOR  PULSED  SINE  WAVE  WITH  SINE- 
SQUARED  AMPLITUDE.  THERE  ARE  FIVE  WAVES  PER  PULSE, 

AND  THE  PULSE  REPETITION  PERIOD  IS  FOUR  TIMES  THE 
PULSE  DURATION 
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amplitude  Is  at  zero  frequency,  and  the  amplitude  decreases  rather  slowly  with 
increased  frequency. 

The  propagated  pulse  is  shown  for  X  *  0  to  7  in  Figure  9.  There  is  much 
distortion  of  the  pulse  as  it  propagates,  which  is  not  surprising  considering  that 
Its  frequency  spectrum  has  its  maximum  values  in  the  frequency  region  in  which  the 
greatest  velocity  changes  occur.  The  signal  is  seen  to  repeat  with  each  Increase 
of  six  in  X,  and  an  increase  of  three  in  X  is  seen  to  reverse  the  signal,  except 
for  the  constant  term  A0/2,  as  indicated  by  Eq.  (27)  and  observed  for  the  other 
two  cases. 

Two  dots  are  placed  on  the  X  =  0  plot  at  the  beginning  and  end  of  the  rec¬ 
tangular  pulse,  and  they  are  positioned  for  the  other  values  of  X  as  moving  with 
the  group  velocity,  and  from  this  it  is  seen  that  the  pulse  moves  at  the  group 
velocity. 

CONCLUSION 

A  study  has  been  made  of  the  transmission  and  distortion  of  ultrasonic 
pulses  in  lossless  dispersive  media  with  constant  group  velocity.  It  was  found 
that  a  pulsed-sine-wave  signal  moves  through  the  media  at  the  group  velocity 
undergoing  some  distortion,  but  after  traveling  a  certain  distance  —  the  repe¬ 
tition  distance  X  —  the  signal  is  repeated,  and  at  positions  midway  between 
repetition  positions  the  signal  is  the  negative  of  that  at  the  repetition  posi¬ 
tions.  Also,  although  the  pulsed-sine-wave  signal  moves  with  the  group  velocity, 
the  individual  cycles  within  the  pulse  move  with  the  phase  velocity  of  the  pulsed, 
or  carrier,  wave  as  if  they  are  cycles  within  a  continuous  wave.  It  was  also 
found  that  the  envelope  of  the  pulsed  sine  wave  was  distorted  except  at  positions 
where  the  signal  at  the  origin,  or  its  negative,  was  repeated,  and  except  for 
those  cases,  as  indicated  by  Brillouln,  In  which  the  maximum  angular  frequency 
components  of  the  envelope  were  less  than  the  carrier  frequency  u>0. 

The  rectangular-pulse  signal  underwent  great  distortion  in  propagating 
through  the  constant-group-velocity  media,  but  it  repeated  itself  in  traveling 
the  repetition  distance  X  ,  and  inverted  midway  between  repetition  distances  as 
indicated  by  Eq.  (27).  Tne  signal,  though  badly  distorted  for  most  positions, 
moved  at  the  group  velocity. 

It  was  seen  that  great  care  must  be  taken  in  velocity  measurements  using 
pulsed  sine  waves.  Measurements  of  transit  times  using  the  initial  peaks  of  the 
signal  at  two  positions  may  give  the  phase  velocity  if  the  two  positions  are 
close  enough  together,  but  it  may  give  other  values,  and  it  approaches  the  group 
velocity  at  large  distances.  Measurements  of  transit  times  of  the  middle  of  the 
envelope  will  at  large  distances  give  the  group  velocity,  but  as  indicated  above, 
other  values  may  be  obtained.  Velocity  measurements  in  lossy  and  non-constant- 
group-velocity  media  could  be  expected  to  be  more  complicated  and  to  require 
greater  care  for  lossless  constant-group-velocity  situation. 


I- 

I! 


22 


NSWC  TR  82-296 


TME  M  PERIODS 

FIGURE  9l  RECTANGULAR  PULSE  PROPAGATED  THROUGH  A  CONSTANT  GROUP 
VELOCITY  MEDIUM.  AS  IN  THE  PREVIOUS  EXAMPLES,  THE 
TIMES  AND  DISTANCES  ARE  NORMALIZED  TO  THE  TWENTIETH 
HARMONIC  OF  THE  FOURIER  SERIES,  AND  THE  GROUP  VELOCITY 
IS  1.2  TIMES  THE  PHASE  VELOCITY  OF  THE  TWENTIETH  HARMONIC 
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APPENDIX  A 
FOURIER  COEFFICIENTS 


For  pulses  starting  at  t  equal  zero  and  of  duration  Tp  with  a  repetition 
period  Tlf  the  equations  for  the  Fourier  coefficients  A  and  B  (see  Equation 
(1))  are  n  n 


■  I, 


t)cos  nwit  dt  , 


and 


Bn  *  y  J  pF(0,t)sin  nioit  dt  . 


The  amplitudes  Cn  of  the  Fourier  spectrum  are  determined  from  the  relation 


C  *  (A*  +  B*) 
n  n  n' 


1/2 


The  Fourier  coefficients  for  the  three  cases  considered  are  given  below, 
a.  Pulsed  Sine  Wave,  Constant  Amplitude 
For  n  f  MJ, 


Bn 


and  for  n  *  MO 
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and 

Bn  =  A/M  . 

b.  Pulsed  Sine  Wave,  Sine-Squared  Amplitude 


A  =  0  n  =  MJ+M 

2  n 


n  f  MJ 
n  =  MJ 

n  f  MJ+M 
n  =  MJ+M 

n  f  MJ-M 
n  =  MJ-M 

B„  ■  sr  ['  - 
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